Introduction
Let M P 2 (r, χ) denote the moduli space of semistable sheaves F on the complex projective plane with Hilbert polynomial P F (t) = rt + χ. The positive integer r is the multiplicity of F while χ is its Euler characteristic. The spaces M P 2 (r, χ) and M P 2 (r, r + χ) are isomorphic, so we will assume henceforth that 0 < χ ≤ r. It is known from [6] that the spaces M P 2 (r, χ) are irreducible, dimension r 2 + 1, and smooth at all points given by stable sheaves.
The case of multiplicity 2 is well-understood, in fact it is a trivial observation that M P 2 (2, 1) is isomorphic to the space of conics in P 2 while M P 2 (2, 2) is the good quotient modulo GL(2, C)×GL(2, C) of the space of 2 × 2-matrices with entries in V * and with nonzero determinant. Here V is a 3-dimensional complex vector space; we will identify P 2 with P(V ). The action of the group is by conjugation. The case of multiplicity 3 is also fairly well-understood. In [6] Le Potier showed that M P 2 (3, 2) and M P 2 (3, 1) are both isomorphic to the universal cubic in P(V ) × P(S 3 V * ). It was then noticed in [7] that M P 2 (3, 2) is the geometric quotient of a certain open subset inside the space of morphisms O(−2) ⊕ O(−1) −→ 2O modulo the action by conjugation of the nonreductive algebraic group Aut(O(−2) ⊕ O(−1))×GL(2, C). In [3] and [4] the corresponding result for M P 2 (3, 1) was established.
In section 6 we will use the following facts from [6] : M P 2 (3, 3) contains an open dense subset which is a good quotient of the space of injective morphisms 3O(−1) −→ 3O modulo the action of GL(3, C)×GL(3, C). The complement of this set is isomorphic to the space of cubics P(S 3 V * ). In this paper we will study the spaces M P 2 (4, χ). Our aim is to decompose each moduli space into locally closed subvarieties and then describe each of these as a good or a geometric quotient. For M P 2 (4, 1) and M P 2 (4, 3) there are two such subvarieties: an open dense subset and a closed subset isomorphic to the universal quartic in P(V )×P(S 4 V * ). For M P 2 (4, 2) we found three such subvarieties: an open subset, a locally closed subset isomorphic to the universal quartic P(V ) × P(V ) × P(S 4 V * ) (see (5.6)), and a closed subset isomorphic to P(S 4 V * ). For M P 2 (4, 4) there are, likewise, three subvarieties: an open subset, a locally closed subset with compactification a projective bundle with fiber P 12 and base a projective bundle with fiber P 2 and base P 2 , and a closed subset isomorphic to P(V * ) × P(S 3 V * ). The precise statements can be found at (3.3), (4.4), (5.10) and (6.10) .
Of course, our results provide much less than a complete picture. To fully understand the geometry of M P 2 (4, χ) we would need to know how the various pieces are glued together. The techniques from this paper are not suited for this kind of investigation. The only global result that we prove is located at (4.5) and states:
The moduli spaces M P 2 (4, 1) and M P 2 (4, 3) are isomorphic.
We also find that the coarse moduli spaces M P 2 (4, 2) and M P 2 (4, 4) are smooth.
Our strategy is to find locally free resolutions for all semistable sheaves F with Hilbert polynomial 4t + b. Part of this was carried out in our previous work [8] , but, for the sake of completeness, we give here a list of the resolutions we found We also have precise conditions on the morphisms between the locally free sheaves which occur above. These conditions are mainly expressed in terms of Drézet and Trautmann's notion of semistability from [2] . For more details we also refer to [8] . The first, third, fifth and eighth resolutions are also present in [3] without the semistability conditions, though. Our main tool for finding the above resolutions is the Beilinson complex, cf. the beginning of section 6.
Once the resolutions are found we will construct good or geometric quotients for the spaces of semistable morphisms modulo the action of the groups of automorphisms of the locally free sheaves. Some of these groups are nonreductive, so we cannot always use the classical geometric invariant theory. Fortunately, we are able in each case to describe concretely the quotient and to construct local sections for the quotient map. This approach is rudimentary and, most likely, it would not work for multiplicity higher than 4. If one wishes to generalize our results to multiplicity higher than 4, one probably has to use the general theory for quotients modulo nonreductive groups developed in [2] and [1] .
Finally, we will show that the good or geometric quotients constructed are isomorphic to the corresponding locally closed subsets inside the moduli spaces. The natural morphisms which arise are easily seen to be bijective, but examples of bijective morphisms which are not isomorphisms, coming from normalizations, abound. To prove that the inverses of the bijective morphisms are also morphisms we use, in the cases when the target space is not known to be smooth, the relative version of the Beilinson complex. We refer to (3.2) for this technique.
We end this introduction with a problem: It is known from [3] that M P 2 (r, χ) and M P 2 (r, r − χ) are birational. We mentioned above that M P 2 (3, 1) ≃M P 2 (3, 2) and that M P 2 (4, 1) ≃M P 2 (4, 3). Is it true that M P 2 (r, χ) and M P 2 (r, r − χ) are isomorphic in general?
Preliminary Remarks
Let X be a smooth projective variety with ample sheaf O X (1). We fix a numerical polynomial P (t), that is, a polynomial with rational coefficients which takes integer values over the integers. Let M be the (coarse) moduli space of semistable sheaves on X with Hilbert polynomial P (t).
(2.1) Remark: For any integers i ≥ 0, j ≥ 0 and κ the subset of M of equivalence classes of sheaves F with h i (X, F (κ)) ≥ j is a closed algebraic set.
Proof: Let us first recall the way M is constructed. For a suitably large integer m let V be a vector space of dimension P (m). We consider the quotient scheme
of coherent sheaves F on X with Hilbert polynomial P (t) which occur as quotients
The reductive group SL(V ) acts on Q by its action on the first component of V ⊗ O X (−m). Inside Q there is a certain open and SL(V )-invariant subset R of semistable points. The moduli space M is a good quotient of R by SL(V ). We consider the universal quotient V ⊗ O X (m) ։ F on Q × X. The sheaf F (κ) is flat over Q so, according to the semicontinuity theorem, the set Y of equivalence classes of quotients V ⊗ O X (−m) ։ F with h i (X, F (κ)) ≥ j is a closed algebraic set in Q. Notice that Y is SL(V )-invariant, so its image under the good quotient map R −→M is closed. This image is precisely the set from the remark.
We notice that if M is a fine moduli space, i.e. if there is a universal family U on M×X, then the remark follows directly from the semicontinuity theorem applied to U.
This follows from lemma (6.8) in [8] . There is an exact sequence 0 −→ I −→ O C −→ G −→ 0 with I a sheaf of ideals. According to the lemma we cited there is a sheaf of ideals J ⊂ O C containing I such that J /I is supported on finitely many points and O C /J = O C ′ for a curve C ′ ⊂ C. But then we get the exact sequence
The sheaf O C ′ has no zero-dimensional torsion because it has homological dimension 1 at every point of its support. It follows that T = J /I, which proves the remark.
We consider now the action of the group G =PGL(3, C) on P 2 . Given a curve C = {f (X, Y, Z) = 0} in P 2 we denote by C red the underlying reduced curve. The stabilizer Stab G (C) of C in G consists of all g ∈ G for which g.f = cf for some c ∈ C * .
(2.3) Remark: Assume that C red is not a line. Then Stab G (C) has dimension at most 5.
Proof: We assume first that there are no linear factors in the decomposition of f into irreducible factors. Without loss of generality we can write
where c 1 ∈ C and Y n , Z n do not appear among the monomials of f . To see this we begin by writing
and perform suitable linear transformations. If c 1 = c 2 = c 3 = 0 or, if precisely one among c 1 , c 2 , c 3 is nonzero, then it is clear how to arrive at (*). If at least two among c 1 , c 2 , c 3 are nonzero, say c 2 = 0 and c 3 = 0, then we perform a linear transformation which leaves the line {X = 0} invariant and takes (0 : 1 : 0) and (0 : 0 : 1) to two points on which f vanishes. Let now f be as in (*) and let g = (a ij ) 1≤i,j≤3 be in the stabilizer of f . We have
Setting Y = 0, Z = 0 etc. we arrive at the equations 
These are polynomials in the entries of a 3 × 3-matrix (a ij ). We claim that h 4 is not in the radical of the ideal generated by h 2 and h 3 . Indeed, any power of h 4 contains a power of a p 22 a q 33 among its monomials. On the other hand, every monomial of h 2 is divisible by either a 12 or a 32 , every monomial of h 3 is divisible by either a 13 or a 23 .
If we fix c it is now clear that the set of those g ∈ GL(3, C) for which g.f = cf lies in the subvariety {h 1 = 0, h 2 = 0, h 3 = 0, h 4 = 0} of M 3,3 of dimension at most 5. This proves the remark for the case when f contains no linear factors.
In the second part of the proof we allow linear factors in the decomposition of f :
where h contains no linear factors. If h = 1, then Stab G (C) ⊂ Stab G ({h = 0}) which has dimension at most 5 by the first part of the proof. Assume that h = 1. By hypothesis we must have κ ≥ 2. We assume that l 1 = X, l 2 = Y . For a permutation σ of {1, 2, . . . , κ} let us put
We have
If σ is the identity, then all g ∈ S σ have the form 
Such matrices project onto a set of dimension 4 in PGL(3, C). If σ contains a transposition, say σ(1) = 2 and σ(2) = 1, than all g ∈ S σ have the form   0 c 1 0
and the same observation applies. Finally, if σ contains a cycle of length more than 2, say σ(1) = 2, σ(2) = 3, then we have two possibilities: l 3 = aX + bY , or l 3 is linearly independent from X, Y , say l 3 = Z. It follows that g has one of the following forms:
Such matrices project onto sets of dimension 5, respectively 4. This finishes the proof of the remark.
Let us now fix a linear polynomial P (t) = at + b with a, b ∈ Z, a > 0. Let X be the moduli space of semistable sheaves on P 2 with Hilbert polynomial P (t). Let us fix integers j ≥ 0 and κ in Z. Let Y be the subset of equivalence classes in X of sheaves F with h Proof: Let us fix a sheaf F from Y . On SL(3, C) × P 2 we consider the family of coherent sheaves F which over each fiber {g} × P 2 restricts to g * F . Note that F is coherent and flat over SL(3, C), so it induces a map ϕ : SL(3, C) −→ X. Since g * F has the same cohomological properties as F we see that Im(F ) ⊂ F. If ϕ(g 1 ) = ϕ(g 2 ) then g * 1 F and g * 2 F have the same Jordan-Hölder filtration, so they have the same support. This shows that for all g ∈ SL(3, C)
If the reduced support of F is a line, then the stabilizer has dimension at most 6. Otherwise, in view of remark (2.3), the stabilizer has dimension at most 5. We conclude that Im(ϕ) has dimension at least 2, respectively at least 3.
(2.5) Remark: Let O C be the structure sheaf of a curve C of degree d in P 2 .
Then O C is stable with Hilbert polynomial
Proof: These facts are well-known, see for instance [4] , and also follow from (2.2). Indeed, every proper quotient of O C without zero-dimensional torsion most be of the form
3. Sheaves with Hilbert Polynomial 4t + 1
Let V be a vector space of dimension 3. Let F be a semistable sheaf on P 2 = P(V ) with Hilbert polynomial P (t) = 4t + 1. Let M P 2 (4, 1) denote the moduli space of such sheaves. It is known from [6] that M P 2 (4, 1) is a fine moduli space and a smooth irreducible variety of dimension 17. From (4.6), (5.2) and (6.5) in [8] we know the following:
). Then F is semistable if and only if it is the cokernel of a morphism
(ii) Assume that h 1 (F ) = 1 and h 0 (F (−1)) = 0. Then F has a resolution
be any polarization satisfying λ 1 ∈ (0, The set of semistable morphisms W ss (G, Λ) from (i) is acted upon by the nonreductive, algebraic group G =Aut(3O(−2))× Aut(2O(−1) ⊕ O)/C * with C * embedded as the group of homotheties. The subset
is an open G-invariant subset which is proper. Indeed, one can construct semistable morphisms with determinant 0, for instance 
where X, Y, Z form a basis of V * . According to 6.4(1) in [1] W ss (G, Λ) admits a good quotient modulo G for all polarizations Λ satisfying µ 2 ∈ (0, 1 7 ). Moreover, the quotient W ss (G, Λ)//G is a projective variety. In fact, as J.-M. Drézet pointed out to the author, one can construct explicitly the quotient. Let us represent ϕ as a pair of matrices (ϕ ′ , ϕ ′′ ) with ϕ ′ : 3O(−2) −→ O and ϕ ′′ : 3O(−2) −→ 2O(−1). The semistability conditions on ϕ read as follows: ϕ ′ cannot be made the identically zero matrix by the action of G and ϕ ′′ is semistable with respect to the action by conjugation on the vector space W 0 =Hom(3O(−2), 2O(−1)) of the group of automorphisms G 0 =GL(2, C)×GL(3, C)/C * . The latter is a reductive group, so by the classical geometric invariant theory there is a good, projective quotient W ss 0 //G 0 . In fact, the set of semistable matrices ϕ ′′ coincides with the set of stable matrices, so W ss 0 //G 0 is even a geometric quotient W s 0 /G 0 . Let E be the free vector bundle over W 0 with fiber the space S 2 V * ⊕S 2 V * ⊕S 2 V * of 3 × 1-matrices with entries quadratic polynomials in X, Y, Z. Let Φ be the morphism of vector bundles over W 0
The cokernel of Φ is a vector bundle of rank 12 because Φ has maximal rank at every point. We notice that F has a canonical G 0 -linearization, hence F |W s 0 descends to a vector bundle F 0 over W s 0 /G 0 . We also notice that the set of semistable morphisms can be identified with the complement of Im(ϕ) in E. From this it is easy to deduce that P(F 0 ) is a geometric quotient of W ss (G, Λ) modulo G. Since W 1 is open and G-invariant, we conclude that there is a geometric quotient W 1 /G which is an open proper subset of the projectivized bundle P(F 0 ) with fiber P 11 over the projective variety
of sheaves with vanishing first cohomology.
Proof: We consider the family F on W 1 × P 2 given by the exact sequence
where Φ is the tautological morphism which on every fiber {ϕ} × P 2 restricts to ϕ. Notice that F is flat over W 1 so it induces a morphism of varieties
which maps a point {ϕ} to the isomorphism class of F ϕ . It is clear that the fibers of η consist of G-orbits. Indeed, if ϕ 1 and ϕ 2 have isomorphic cokernels F 1 and F 2 , then we get a diagram in which the vertical maps are isomorphisms:
) and is an isomorphism because H 0 (α) is an isomorphism. From (i) and (iii) we see that the image of η is X 1 . By the universal property of a good quotient η factors through a morphism
It is clear that ρ is bijective. As the image of ρ is smooth, we can apply Zariski's Main Theorem to conclude that ρ is an isomorphism.
The set of semistable morphisms
ss (G, Λ) admits a good and projective quotient modulo G for all polarizations Λ = (λ 1 , λ 2 , µ 1 ) satisfying λ 1 ∈ (0, 1 4 ). Thus W 2 //G exists and is a projective variety.
As in the case of W 1 , the quotient of W 2 is a geometric quotient and can be described as the projectivization of a certain bundle. We can give an even more precise description of W 2 /G: we consider the G-invariant map
The image of η is a fiber bundle over Grass(2, V * ) ≃ P(V ), more precisely it is the universal quartic Q in P(V ) × P(S 4 V * ). It is easy to see that η : W 2 −→ Q admits local sections. Indeed, the fiber of Q over, say, span{X, Y } is given by < f > with f a homogeneous polynomial of degree 4 in X, Y, Z which does not contain the monomial Z 4 . There are unique polynomials f 1 (Y, Z) and
Since all processes involved in defining σ are algebraic, we see that σ extends to a local section of η in a neighbourhood of (span{X, Y }, < f >). We have proved that η : W 2 −→ Q is a geometric quotient.
Proof: As in (3.1), there is a coherent, flat family F on W 2 × P 2 arising as the cokernel of the tautological morphism
and inducing a morphisms of varieties
whose image is X 2 and whose fibers are G-orbits. The map η factors through a bijective morphism ρ :
Since W 2 /G is projective we deduce that X 2 is closed. Thus X 2 is a 15-dimensional subvariety of M P 2 (4, 1), but it is not clear at this moment whether X 2 is normal, so we cannot use Zariski's Main Theorem to finish the proof. Instead, we will show that the map η : W 2 −→ X 2 admits local sections, proving thus that it is a geometric quotient. By the uniqueness of the geometric quotient it will follow that ρ is an isomorphism. Let F be a sheaf on P 2 which gives a point in X 2 . From the exact sequence
tensored with Ω 1 (1), and from the Bott formulas
We also have
Let U be the restriction of the universal family on M P 2 (4, 1) × P 2 to X 2 × P 2 . Let p : X 2 × P 2 −→ X 2 be the projection onto the first component. The above considerations on the cohomology of F show that the higher direct images
(1)) are locally free sheaves on X 2 of ranks 0, 3, 2, 1, 1 and 3. We now consider the relative Beilinson free monad for U over X 2 × P 2 :
The monad is exact at the left and right terms and had middle cohomology U. Its restriction to a fiber {F } × P 2 is the Beilinson free monad associated to F :
Let us write this monad as
We now intend to produce from this monad a resolution of F as in (ii) in a manner depending algebraically on the point represented by F in X 2 . Since h 0 (F ) = 2 it follows that ψ 12 = 0 and that ξ has the form
where
which tells us that Ker(γ) is generated by the columns of β, we deduce that there is an invertible 3 × 3-matrix ϕ 12 such that ψ 11 = βϕ 12 . We obtain the resolution
Since ϕ 12 is invertible we can perform row and column operations to get a resolution
12 α ψ 22 . Now we choose an open set U in X 2 on which the higher direct images mentioned above are free and we fix trivializations for them. It is now clear that ψ and ξ depend algebraically on the point [F ] in U . Hence also α, β, γ and ϕ 12 depend algebraically on [F ] . If we, possibly, shrink U , we can arrange that ϕ 12 is invertible at every point in U . It follows that ϕ depends algebraically on [F ] . We conclude that the assignment [F ] −→ ϕ provides a section for η over U . Q.e.d. 
. Every such sheaf has a resolution as in (i).
The closed algebraic subset of M P 2 (4, 1) consisting of sheaves with h 1 (F ) = 1 and equipped with the canonical reduced structure is isomorphic to the universal quartic
2). Every such sheaf has a resolution as in (ii).
Proof: Let X 1 , X 2 be as in (3.1), respectively (3.2). We saw above that X 1 is smooth and that X 2 is closed, algebraic, of dimension 15, and that X 1 and X 2 are geometric quotients. It remains to show that X 1 ∪ X 2 is the entire space and that M P 2 (4, 1) is smooth at every point of X 2 .
Let Y be the subset of sheaves F with h 1 (F ) ≥ 2. From (2.1) and (2.4) we know that, if Y is nonempty, then Y is closed, algebraic, of dimension at least 2. But then Y must intersect X 2 because of dimension reasons. This is a contradiction which proves that Y is empty. Similarly we show that there are no sheaves F with h 0 (F (−1)) ≥ 1 and h 1 (F ) = 1.
Sheaves with Hilbert Polynomial 4t + 3
Let F be a semistable sheaf on P 2 = P(V ) with Hilbert polynomial P (t) = 4t+3. Let M P 2 (4, 1) denote the moduli space of such sheaves. It is known from [6] that M P 2 (4, 1) is a fine moduli space and a smooth irreducible variety of dimension 17. From (4.2) and (6.7) in [8] we know the following:
and F occurs as a cokernel 1 3 ). Then F is semistable if and only if it is the cokernel of a morphism
(ii) Assume that h 0 (F (−1)) = 0 and h 1 (F ) = 0. Then h 0 (F (−1)) = 1 and F has a resolution
with X 1 , X 2 ∈ V * linearly independent. Here "∼" is taken with respect to the action of the group of automorphisms. Let W 2 denote the set of such morphisms ϕ. According to (6.7) and (6.10) in [8] F is semistable if and only if it is the cokernel of a morphism ϕ from W 2 . Incidentally, we note that W 2 forms a thin constructible subset inside the set of morphisms ϕ semistable with respect to a polarization (λ 1 , λ 2 , µ 1 , µ 2 ) satisfying λ 1 < µ 1 < 2λ 1 and 3λ 1 − 1 2 < µ 1 . We also notice that every semistable F occurs as an extension
2 is a curve of degree 4, p is a point on C and C p is the structure sheaf of {p}. To be precise, C is the zero-set of the polynomial
Here we assume that
The set of semistable morphisms W ss (G, Λ) from (i) is acted upon by the nonre-
gives an isomorphism between W ss (G, Λ) and the set of semistable matrices from (i) in section 3. The groups involved can also be identified and the isomorphism is equivariant. In view of the discussion from section 3 we find that there is a geometric quotient W ss (G, Λ)/G which is a bundle with fiber P 11 and base a smooth projective variety of dimension 6. Inside W ss (G, Λ)/G there is an open subset W 1 /G which is a geometric quotient of W 1 by G. Proof: The first part of the statement has proof similar to that of (3.1). The two open subsets of the moduli spaces are isomorphic because both are isomorphic to the same geometric quotient, cf. the discussion preceeding this proposition.
(4.2) Remark: In [3] it is shown that for any integers a ≥ 2 and 0 ≤ b < a the moduli spaces M P 2 (r, χ) and M P 2 (r, r − χ) are birational. The birational map is given by
Our next aim is to show that W 2 admits a geometric quotient modulo the action of G = Aut(2O(−2)⊕3O(−1))× Aut(O(−1)⊕3O)/C * . We will construct explicitly the quotient W 2 /G. We consider the G-invariant map
where f is the equation of C given above. The image of η is the universal quartic Q ⊂ P(V ) × P(S 4 V * ). It is easy to see that η : W 2 −→ Q admits local sections. Let us fix a point (span{X 1 , X 2 }, < f >) in Q. Let us complete {X 1 , X 2 } to a basis {X 1 , X 2 , X 3 } of V * . Relative to this basis f can be uniquely written as
Now f 1 and f 2 can be uniquely written as
We put
Since all processes involved in defining σ are algebraic we see that σ extends to a local section of η in a neighbourhood of (span{X 1 , X 2 }, < f >). This proves that η : W 2 −→ Q is a geometric quotient.
Proof: The proof is analogous to that of (3.2). Consider a point in X 2 given by a sheaf F . From the resolution of F occuring in (ii), tensored with Ω 1 (1), and from the Bott formulas
we get the exact sequences
Combining them we arrive at the exact sequence
we see that the Beilinson free monad of F gives a resolution of the form
Using arguments as in [8] it is not difficult to see that ϕ and ψ must satisfy the conditions from (ii). The proof is now finished as at (3.2) . From the fact that the higher direct images
(1)) are locally free sheaves on X 2 of ranks 1, 2, 3, 0, 3 and 1 (notations as at (3.2)) we see that the assignment [F ] −→ ϕ extends to a local section σ of η defined on a neighbourhood of [F ] in W 2 . Here
is the map induced by the flat family F on W 2 × P 2 given by the tautological morphism
which over each fiber {ϕ} × P 2 restricts to ϕ. This finishes the proof of the proposition. 
3). Every such sheaf has a resolution as in (ii).
Proof: Let X 1 and X 2 be as at (4.1), respectively (4.3). Let Y be the closed subset in M P 2 (4, 3) of sheaves F with h 1 (F ) > 0. As in the proof of (3.3) we must have
Since Y cannot meet X 2 we conclude that Y is empty and so M P 2 (4, 3) is the union of X 1 and X 2 . Proof: f and its inverse f −1 are each defined on the complement of a closed algebraic subset of codimension 2. As the two moduli spaces are smooth, we can apply the Second Riemann Extension Theorem to conclude that f and f −1 extend to holomorphic maps defined on the entire space. Thus f is a biholomorphism and, since the moduli spaces are projective, an algebraic isomorphism.
Sheaves with Hilbert polynomial 4t + 2
From [6] we know that M P 2 (4, 2) is irreducible of dimension 17 and that its open subset of stable sheaves is smooth.
According to (4.5) in [8] every sheaf F with Hilbert polynomial P (t) = 4t + 2 and satisfying h 0 (F (−1)) = 0, h 1 (F ) = 0, is semistable if and only if it has one of the following resolutions:
with no conditions on ϕ (other than being injective), or
where X 1 , X 2 ∈ V * are linearly independent and, likewise, Y 1 , Y 2 ∈ V * are linearly independent. Let Λ = (λ 1 , λ 2 , µ 1 , µ 2 ) be any polarization satisfying the conditions µ 1 > λ 1 , µ 2 < λ 2 , µ 1 = λ 2 . Then the set W 2 of morphisms occuring above is the open subset of W ss (G, Λ) given by the condition det(ϕ) = 0.
The open subset of M P 2 (4, 2) of sheaves F with h 0 (F (−1)) = 0 and h 1 (F ) = 0 is smooth. This is so because in both cases (i) or (ii) we easily get Ext 2 (F , F ) = 0. This fact is well-known but, for the sake of completeness, we include the simple argument here. If F has a resolution as above, we get a diagram with exact rows and columns: 0
Here i 1 is the injection into the first component while p 2 is the projection onto the second component. We see that F has a subsheaf O C1 with Hilbert polynomial 2t + 1 which violates the stability of F . In fact F is s-equivalent to O C1 ⊕ O C2 because, according to (2.5), O C1 and O C2 are stable. Conversely, assume that F is properly semistable. Let F 1 be a subsheaf of F which violates the stability. The only way in which this can happen is if F 1 has Hilbert polynomial 2t + 1. We put F 2 = F /F 1 . Clearly F 1 and F 2 are semistable. It is known that every semistable sheaf on P 2 with Hilbert polynomial 2t + 1 is the structure sheaf of a quadric. Thus F 1 = O C1 and F 2 = O C2 for quadrics C 1 = {q 1 = 0} and C 2 = {q 2 = 0}. Since Ext
there is a morphism f making the diagram commute: 
while the sheaves F from (ii) satisfy
This follows from the exact sequences (i), respectively (ii), and from the Bott formulas
The set of morphisms W =Hom(2O(−2), 2O) is acted upon by the reductive algebraic group G =GL(2, C)×GL(2, C)/C * . The only admissible polarization is Λ = ( ). The set of semistable morphisms W ss (G, Λ) consists of those 2 × 2-matrices with entries quadratic polynomials which are not equivalent, modulo the action of G, to a matrix having a zero row or a zero column. For stability we require that, modulo equivalence, no entry is zero.
Let W 1 be the set of morphisms ϕ from (i). From the concrete descriptions given above we get the proper inclusions
The second inclusion is proper because we can easily construct stable matrices ϕ with zero determinant: choose X 1 , X 2 linearly independent and Y 1 , Y 2 linearly independent in V * . We put
According to the classical geometric invariant theory, there is a good and projective quotient Le Potier proves in [6] that W ss (G, Λ)//G is birational to M P 2 (4, 2) which leads him further to the conclusion M P 2 (4, 2) is rational. Below we exhibit two isomorphic open subsets:
Proof: According to (i) and to (5.3) the canonical G-equivariant morphism
(notations as at (3.1)) surjects onto X 1 . This morphism factors through a surjective morphism
We will now show that ρ is injective. Let ϕ 1 and ϕ 2 be in W 1 and assume that F 1 = Coker(ϕ 1 ) and F 2 = Coker(ϕ 2 ) are s-equivalent, i.e. they have the same terms in their Jordan-Hölder filtrations. If the filtrations have length 1, i.e. if F 1 and F 2 are stable and isomorphic, then it is easy to see that ϕ 1 ∼ ϕ 2 . Otherwise the filtrations have length 2 and, using the notations from (5.2), the sheaves F 1 and F 2 are the cokernels of ψ 1 and ψ 2 , where
Again, it is easy to see that ϕ 1 ∼ ψ 1 and ϕ 2 ∼ ψ 2 , so π(ϕ 1 ) = π(ψ 1 ) and π(ϕ 2 ) = π(ψ 2 ). We consider the one-parameter subgroup λ of G given by
which we denote by ϕ 0 . Thus π(ψ 1 ) = π(ϕ 0 ) and analogously we can show that π(ψ 2 ) = π(ϕ 0 ). We conclude that π(ϕ 1 ) = π(ϕ 0 ) = π(ϕ 2 ) which proves that ρ is injective. In view of (5.1) X 1 is smooth. This allows us to finish the proof as at (3.1).
Our next aim is to show that there is a geometric quotient of W 2 modulo the nonreductive group
For this purpose we consider the G-equivariant map
given by
Under the identification Grass(2, V * ) ≃ P 2 we see that the image of η is the con-
Here we use the convention that f vanishes to second order at x if x = y. Once we have constructed local sections for the map η : W 2 −→ Q we will have proven that η is a geometric quotient. Choose a point (x, y, < f >) in Q. Assume that x = (1 : 0 : 0), y = (0 : 1 : 0) and fix a basis {X, Y, Z} of V * . From f (x) = 0 and f (y) = 0 we see that f does not contain the monomials X 4 and Y 4 . It follows that there are unique quadratic polynomials
Since all processes involved in defining σ are algebraic we see that σ extends on a neighbourhood of (x, y, < f >) to a section of η. The case when x = y is analogous.
is a 16-dimensional locally closed subvariety of M P 2 (4, 2) which is isomorphic to
Proof: As at (3.2) there is a morphism W 2 −→M P 2 (4, 2) which factors through a bijective morphism ρ : W 2 /G −→ X 2 . To finish the proof in the same manner as at (3.2) we need to know the existence of a coherent, flat family of sheaves on X 2 × P 2 which restricts to F over each fiber {[F ]} × P 2 . At (3.2) such a family was the universal family but on the coarse moduli space M P 2 (4, 2) there, certainly, is no universal family. Moreover, according to theorem 3.19 in [6] , for every open subset U ⊂M P 2 (4, 2) there is no universal family on U × P 2 . Thus, we need to take a different approach.
We recall that M P 2 (4, 2) is the good quotient of a certain open subset R of semistable points inside a quotient scheme, modulo the action of a special linear group. Moreover, M s P 2 (4, 2) is a geometric quotient of the open subset inside R of stable points.
There is a locally closed subvariety S of R, invariant under the action of the special linear group, such that X 2 is a good quotient of S modulo the action of the special linear group. The existence of S follows from remark 3.4.3 on p. 54 in [10] and from the fact that in characteristic zero reductive groups are linearly reductive, cf. p. 50 in loc. cit. In fact S is the preimage of X 2 under the quotient map R −→M P 2 (4, 2). Let τ : S −→ X 2 denote the quotient map.
Let U be the restriction to S × P 2 of the universal quotient family and let p : S × P 2 −→ S be the projection onto the first component. Let s be an arbitrary point in S and let U s = U |{s}×P 2 . As the closure of X 2 in M P 2 (4, 2) does not meet the closed subset of properly semistable sheaves, we see that all U s have Beilinson resolution (ii).
To show that ρ is an isomorphism we will construct its inverse. The higher direct image sheaves
are locally free sheaves on S because, as we have already established, each U s has Beilinson resolution
We now put ς(s) = ϕ and notice, as in the proof of (3.2), that ς can be extended to a morphism from a neighbourhood S 0 of s in S to W 2 . We have ρ • η • ς = τ • i, see the diagram below. We can cover S with such neighbourhoods. 
We notice that the locally defined maps η • ς glue together to a globally defined morphism σ : S −→ W 2 /G. Indeed, if ς 1 and ς 2 are defined on two distinct neighbourhoods of s, then ς 1 (s) and ς 2 (s) arise from two different trivializations of the higher direct image sheaves mentioned above. It is now clear that ς 1 (s) and ς 2 (s) are equivalent modulo the action of the reductive subgroup G red ⊂ G (notations as in [2] ), hence they are also equivalent modulo the action of G. We have ρ • σ = τ .
Finally, let us observe that σ is constant on the fibers of τ . This is so because if τ (s 1 ) = τ (s 2 ), then the corresponding sheaves U s1 and U s2 are isomorphic, so their Beilinson resolutions are equivalent, i.e. ς 1 (s) and ς 2 (s) are in the same G-orbit. By the universal property of the geometric quotient, the map σ factors through a morphism from X 2 to W 2 /G. This is the desired inverse of ρ. Q.e.d.
where C ⊂ P 2 is a quartic. Thus h 0 (F (−1)) = 1, h 1 (F ) = 1 and the subvariety X 3 in M P 2 (4, 2) of such sheaves has codimension 3 and is isomorphic to P(S 4 V * ).
Proof: Any nontrivial morphism O −→ F(−1) most factor through a morphism O C −→ F(−1) with C a curve. Let G be the image of the nontrivial morphism O C −→ F(−1). Since F (−1) has no zero-dimensional torsion, the same must be true for G. Thus we can again use (2.2) to deduce that G is the structure sheaf of a curve C ′ ⊂ P 2 of degree d. From (5.4) and (5.5) we see that F cannot be properly semistable, so F is stable and the same is true for F (−1). Thus, in view of (2.5), we have
with equality if and only if O C ′ = F (−1). We get d ≥ 4. By virtue of the fact that F has multiplicity 4, we also have d ≤ 4. In conclusion d = 4 and O C ′ = F (−1). To prove that the canonical map from P(S 4 V * ) to X 3 is an isomorphism we use arguments as in the proof of (5.6). Q.e.d. 
Proof: Let L ⊂ P 2 be a regular line for F given by {ℓ = 0} for some ℓ ∈ V * . We assume that L intersects the support of F only at finitely many points. From the exact sequence
we get an exact sequence
From h 1 (F (−1)) = 2 we get h 1 (F ) ≤ 2. According to (5.1) in [8] we cannot have h 1 (F ) = 1.
(5.9) Claim: There are no sheaves F in M P 2 (4, 2) with h 1 (F ) = 2.
Proof: Assume that there is such a sheaf and let Y ⊂ M P 2 (4, 2) denote the closed, nonempty subset of such sheaves. As h 0 (F ) = 4 > 0 there is a nontrivial morphism O −→ F. As in (5.7) we see that F has a subsheaf of the form O C with C ⊂ P 2 a curve of degree at most 4. We put
We cannot have deg(C) = 1 because this would violate the semistability of F . If deg(C) = 2 then, as P OC (t) = 2t + 1, we see that F is properly semistable. All such sheaves were examined at (5.2) where it was found that they have vanishing first cohomology.
Assume now that C is a cubic. Let T denote the zero-dimensional torsion of G. We put τ = h 0 (T ). Notice that sheaf G/T has Hilbert polynomial
It follows that G/T is supported on a line L. Its restriction to L is torsion-free. As torsion-free sheaves are free on the complement of an algebraic subset of codimension at least 2, we deduce that
In fact, all that we will need in the sequel is the inequality τ > 0.
Since Y does not intersect the 14-dimensional subvariety X 3 from (5.7) it follows, by virtue of (2.4), that the reduced support of F is a line. A fortiori C = 3L. So far we know that F is an extension of the form
where G is an extension of the form
Here T is a nonzero skyscraper sheaf supported on points from L.
Any automorphism g ∈ PGL(3, C) of P 2 which preserves F must preserve its reduced support, so it preserves O 3L , so it preserves G, so it preserves T . Thus g permutes the points from the support of T or, if this support consists of one point, it fixes this point. It is now easy to see that the set of such g has codimension at least 3 in PGL(3, C). We conclude as at (2.4) that Y has dimension at least 3, forcing Y to meet X 3 . This is a contradiction.
In the last case when C is a quartic we deduce as above that C = 4L and that we have an extension
with T a skyscraper sheaf of length 4. The argument now goes along the same lines as in the previous case. Q.e.d.
(5.10) Theorem: The moduli space M P 2 (4, 2) of semistable sheaves F on P 2 with Hilbert polynomial P F (t) = 4t + 2 is smooth. For such a sheaf F we have one of the following three possibilities:
The open, dense subset of sheaves from (i) is isomorphic to the good quotient
W 1 //G from (5.
4). Every such sheaf F has a resolution
0 −→ 2O(−2) −→ 2O −→ F −→ 0.
This open subset contains the closed subset of properly semistable sheaves. Every properly semistable sheaf occurs as an extension
with C 1 and C 2 quadrics in P 2 . The 16-dimensional locally closed subset of sheaves from (ii), equipped with the canonical reduced structure, is isomorphic to the geometric quotient W 2 /G from (5.6) and also to the quasiprojective variety
Here we adopt the convention that f vanishes to second order at x if x = y. Every such sheaf has a resolution
with ϕ semistable with respect to a polarization
Proof: That every F is as in (i), (ii) or (iii) follows from (5.7), (5.8) and (5.9). The smoothness of M P 2 (4, 2) follows from (5.1) and from [6] , as the complement of the set X 1 from (5.4) is included in the subset given by stable sheaves. All other statements were proven earlier in this section.
Sheaves with Hilbert polynomial 4t + 4
We know from [6] that M P 2 (4, 4) is irreducible of dimension 17 and smooth at all points given by stable sheaves. Moreover, Le Potier has concrete descriptions for all sheaves F from M P 2 (4, 4) by means of extensions or locally free resolutions. In this section, using the Beilinson complex, we will rediscover his descriptions. At (6.5) we also get a new resolution which allows us to conclude that M P 2 (4, 4) is smooth.
In [6] it is shown that the θ-divisor of M P 2 (4, 0) is irreducible and is the exceptional divisor of a certain blow-up map (the Fourier transform). We will show at (6.6) and (6.1) that the normalization of the θ-divisor is a tower of bundles.
Given any sheaf F on P 2 there is a complex of sheaves
known as the Beilinson complex, which is exact except at C 0 where the cohomology is F . For sheaves supported on curves we have C 2 = 0 and
Assume now that F is semistable with P F (t) = 4t + 4. Assume, in addition, that h 0 (F (−1)) = 0. According to [3] we have h 1 (F (i)) = 0 for i ≥ −1. The Beilinson complex gives a resolution
Performing Gaussian elimination we get the resolution
Conversely, if F has resolution (i), then F is semistable. Indeed, F has no zerodimensional torsion because it has depth 1 at every point in its support. If
Thus F ′ has slope at most equal to the slope of F . Indeed, if ϕ is equivalent to the above morphism, then Coker(ϕ 11 ) is a subsheaf of F violating stability. Conversely, assume that F is properly semistable. This can happen only if F has a subsheaf F 1 with Hilbert polynomial P (t) = mt + m, m = 1, 2, 3. We claim that F 1 has a resolution of the form
Indeed, it is easy to see that F 1 is semistable and that h 0 (F (−1)) = 0. We can use the Beilinson complex, as at the beginning of this section, to arive at the desired resolution of F 1 . The same considerations applied to F 2 = F /F 1 give the resolution
The proof is concluded by using the horse-shoe lemma as at (5.2).
Let W 1 be the set of morphisms ϕ from (i). From the concrete description given above we see that W 1 W ss (G, Λ). The inclusion is proper because one can easily construct semistable matrices with zero determinant, for example 
According to the clasical geometric invariant theory there is a good and projective quotient
In general it is not true that for an open G-invariant subset U ⊂ W ss we have π −1 (π(U )) = U because there may exist an orbit in U whose closure in W ss contains points outside U . In order to convince ourselves that π −1 (π(W 1 )) = W 1 we use the following simple observation from geometric invariant theory:
Let S be a reductive algebraic group acting linearly on a projective algebraic variety X. Let π : X ss −→ X ss //S be the good quotient map. It is known that X ss //S =Proj(C[X] S ) so for an S-invariant homogeneous function f ∈ C[X] S we have π −1 {y ∈ X ss //G, f (y) = 0} = {x ∈ X, f (x) = 0} which we denote by X f . In particular π −1 (π(X f )) = X f . Now the reductive group S =SL(4, C)×SL(4, C) acts by conjugation on P(W ) and we have P(W ) ss //S ≃ W ss //G. The determinant f (w) =det(w) is an S-invariant homogeneous function on P(W ), so we can apply the above observation to P(W ) f . Noting that W 1 is the cone over P(W ) f we deduce that π −1 (π(W 1 )) = W 1 . In particular, there is a good quotient W 1 //G. With the same proof as in (3.1) we obtain: 
with C a cubic and L a line, or of the form
with Q a quartic and T a skyscraper sheaf of length 2. Conversely, every sheaf occuring as an extension of the form (ii) and every sheaf without zero-dimensional torsion occuring as an extension of the form (iii) is semistable.
Proof: As in (5.7) we see that F (−1) has a subsheaf O C ′ with C ′ ⊂ P 2 a curve of degree d. From the semistability of F (−1) we deduce that d = 3 or d = 4. In the former case we get extension (ii); in the latter case we get extension (iii).
Conversely, the sheaves from (ii) are semistable because both O C (1) and O L are semistable, cf. (2.5). Let now F be a sheaf as in (iii) without zero-dimensinal torsion. Let G be a subsheaf of F and put
Using the stability of O Q (1) and the fact that G ′′ is a skyscraper sheaf of length at most 2, we see that the only way in which G could violate the semistability of F is if P G ′ (t) = t and G ′′ = T . This situation leads to a contradiction: we must have
is not possible. As F surjects onto Coker(ϕ 11 ) the latter must have rank zero forcing det(ϕ 11 ) = 0. But now it is clear that Coker(ϕ 11 ) has Hilbert polynomial P (t) = 3t + 2. This contradicts the semistability of F and excludes the first possibility. The second possibility, in fact the only feasible one, is that, up to equivalence,
If ℓ divides q then we arrive at an extension
with L = {ℓ = 0} and P F ′ (t) = 3t+3. Clearly F ′ is semistable so either
The last possibility is not allowed because it would lead to h 0 (F (−1)) = 0. We conclude that F occurs as an extension of the form (ii).
Assume now that ℓ does not divide q. Let us put
We obtain a commutative diagram with exact rows and columns:
Let σ : O −→ 4O be a splitting of the map 4O −→ O from the above diagram.
Applying the snake lemma we get an extension of the form (iii) where Q is the zero set of
We arrive at the resolution (iv) with
This finishes the proof of the proposition.
We notice that in the course of the proof we have improved remark (6.4), namely we have obtained an extension (iii) with T the structure sheaf of a subscheme of length 2 in P 2 . This result is similar to lemma 4.10 in [6] which states that every stable sheaf F from M P 2 (4, 4) with h 0 (F (−1)) > 0 occurs as an extension (iii) in which T (−1) is the structure sheaf of a subscheme of P 2 of length 2. The space of morphisms
We consider the open G-invariant subset W 2 ⊂ W given by the conditions ℓ = 0, ℓ ∤ q, det(ϕ) = 0. Our next aim is to show that there is a projective and geometric quotient W 2 /G. Let us consider the vector bundle E of rank 3 over P(V * ) which at every point < ℓ > has fiber S 2 V * /ℓV * . Let us now consider the vector bundle F over P(E) which at every point (< ℓ >, < q >) has fiber {qv −ℓu, v ∈ S 2 V * , u ∈ S 3 V * }. F is a subbundle of rank 13 of the trivial bundle on P(E) with fiber S 4 V * . We consider the G-invariant surjective morphism
The fibers of η consist of G-orbits and it is easy to construct local sections: We fix a point, say x = (< X >, < q >, < f >) in P(F ). There are unique polynomials v ∈ S 2 V * and u ∈ S 3 V * such that v does not contain any monomial divisible by X and such that f = qv − Xu. We put σ(x) = q X u v .
4t + 4, then either F has resolution (i) or it has resolution (iv)
. In particular we have h 1 (F ) = 0 and either h 0 (F (−1)) = 0 or h 0 (F (−1)) = 1.
Proof: In view of (6.6) and of the discussion preceeding (6.1), we see that all we need to show is that the subset Y of semistable sheaves in M P 2 (4, 4) with h 1 (F ) ≥ 1 or with h 0 (F (−1)) ≥ 2 is empty. From (2.1) and (2.4) we see that if Y is nonempty, then it is a closed algebraic set of dimension at least 2. For dimension reasons it would then have to intersect the 16-dimensional closed subset X 2 , which is impossible. Proof: To show that the bijective morphism ρ gives an isomorphism to X s 2 we construct its inverse using arguments as in the proof of (5.6).
With the notations from (5.6) we notice that S is the preimage of X s 2 under the quotient map R −→M P 2 (4, 4). In order to construct the maps ς we need to make sure that all sheaves U s have the same kind of Beilinson resolution. From (6.7) and from the fact that each fiber of τ is an orbit of the special linear group we get the following concrete description: S consists of those stable points s in R for which h 0 (U s (−1)) = 1. It follows that all U s have the Beilinson resolution from the proof of (6.5) with ℓ ∤ q. Moreover, examining the arguments from (6.5), we see that from the Beilinson resolution we arrive to resolution (iv) by performing algebraic processes. This allows us, as in the proof of (3.2), to construct the locally defined maps ς. Q.e.d.
(6.9) Proposition: The closed subset X 2 \ X s 2 in M P 2 (4, 4) of properly semistable sheaves F with h 0 (F (−1)) = 1 and h 1 (F ) = 0 is isomorphic to P(S 3 V * ) × P(V * ).
Proof: From (6.6) we know that every sheaf in X 2 \ X s 2 has terms O C (1) and O L in its Jordan-Hölder filtration. Thus there is a canonical bijective morphism
To show that ρ is an isomorphism we use the same arguments as in the proof of (6.8). The difference is now that all U s have Beilinson resolution as in the proof of (6.5) with ℓ dividing q. Going through the arguments in (6.5) we see that we can arrive in an algebraic manner from the Beilinson resolution to a resolution (iv) in which ℓ divides v. Thus, assuming tacitly that v = 0, we can define local morphisms ς by ς(s) = (< ℓ >, < u >). Q.e.d. Proof: The smoothness of the moduli space at points from (ii) follows in a standard fashion from the resolution (iv) in (6.5): we get Ext 2 (F , F ) = 0. All the other statements, except those regarding the subvariety of properly semistable sheaves, were proven earlier. From (6.2) and (6.6) it follows that properly semistable sheaves from M P 2 (4, 4) must be s-equivalent to F 1 ⊕ F 2 or to F ′ ⊕ O L . Let X 3 and X 4 denote the subsets in M P 2 (4, 4) of s-equivalence classes of F 1 ⊕ F 2 , respectively of F ′ ⊕ O L . There are canonical surjective and generically injective morphisms η 3 : M P 2 (2, 2) × M P 2 (2, 2)/S 2 −→ X 3 and η 4 : M P 2 (3, 3) × (P 2 ) * −→ X 4
This shows that X 3 and X 4 are irreducible of dimensions 10 and 12. This finishes the proof of the theorem.
